Abstract. We introduce descent methods to the study of strong approximation on algebraic varieties. We apply them to two classes of varieties defined by P (t) = N K/k (z): firstly for quartic extensions of number fields K/k and quadratic polynomials P (t) in one variable, and secondly for k = Q, an arbitrary number field K and P (t) a product of linear polynomials over Q in at least two variables. Finally, we illustrate that a certain unboundedness condition at archimedean places is necessary for strong approximation.
Introduction
Let k be a number field. We study strong approximation with BrauerManin obstruction for two families of algebraic varieties X ⊂ A n+s k defined by equations of the form P (t) = N K/k (z), (1.1) where P (t) ∈ k[t 1 , . . . , t s ] is a polynomial in s variables over k and N K/k is a norm form for an extension K/k of degree n.
In our proofs, we use descent to reduce the problem to strong approximation on their universal torsors. While descent has been applied frequently to weak approximation, the precise formulation of our descent lemma seems to be crucial for its first applications to strong approximation.
To prove strong approximation on universal torsors, we reduce it to quadrics by the fibration method in one case, and we generalize a result of Browning and Matthiesen, based on methods of Green and Tao from additive combinatorics, in the other case.
In our results, we encounter an unboundedness condition at the archimedean places. We give a counterexample to strong approximation that shows that such a condition is generally necessary. Background. Let X be an algebraic variety defined over a number field k. We say that strong approximation holds for X off a finite set S of places of k if the image of the set X(k) of rational points on X is dense in the space X(A S k ) of adelic points on X outside S. Strong approximation for X off S implies the Hasse principle for S-integral points on any S-integral model of X.
For a proper variety X, strong approximation off S = ∅ is the same as weak approximation. For an affine variety X, however, studying strong approximation and the Hasse principle for integral points on integral models seems to be generally much harder than studying weak approximation and the Hasse principle for rational points on proper models of X.
Failures of weak approximation and the Hasse principle for rational points on proper varieties are often explained by Brauer-Manin obstructions, introduced by Manin [Man71] . Only recently this was generalized to strong approximation by Colliot-Thélène and Xu [CTX09] .
For algebraic groups and their homogeneous spaces, weak and strong approximation and the Hasse principle have been widely studied. For certain simply connected semisimple groups and their principal homogeneous spaces, we have the classical work of Kneser, Harder, Platonov and others. For certain homogeneous spaces of connected algebraic groups with connected or abelian stabilizers, see for example [Bor96, CTX09, Har08, Dem11, WX12, BD13, WX13] and the references therein for weak and strong approximation with Brauer-Manin obstruction. This includes varieties defined by (1.1) for constant P and arbitrary K/k, and for s = 1 with deg(P (t)) = 2 and [K : k] = 2.
Much less is known for more general varieties that are not homogeneous spaces of algebraic groups. For weak approximation with Brauer-Manin obstruction, let us mention the now classical example of Châtelet surfaces [CTSSD87a, CTSSD87b] , which are actually smooth proper models of certain varieties defined by (1.1). See [DSW12, Wei12] and the references therein for weak approximation results for several further classes of varieties defined by (1.1).
A recent breakthrough is the introduction of deep results from additive combinatorics due to Green-Tao and Matthiesen to deduce weak approximation for varieties of the form (1.1) when P (t) is a product of arbitrarily many linear polynomials over Q [BMS12, HSW13, BM13] .
For strong approximation with Brauer-Manin obstruction for affine varieties defined by equations of the form P (t) = q(z 1 , z 2 , z 3 ), see [CTX13] . For more general fibrations over A 1 k with split (e.g., geometrically integral) fibers, see [CTH12] .
Colliot-Thélène and Harari [CTH12, p. 4 ] ask for the integral Hasse principle and strong approximation for the equation (1.1) with s = 1, a separable polynomial P (t) of degree at least 3, and [K : k] = 2. They say that this is out of reach of the current techniques because of the following two essential difficulties: on the one hand, Br(X t )/ Br(k) is infinite for each smooth kfiber X t for the natural fibration X → A 1 k via projection to the t-coordinate, and on the other hand, the fibers over the roots of P (t) are not split. Note that the same difficulties occur for P (t) of degree at least 2, and [K : k] ≥ 3. Counterexamples to strong approximation explained by Brauer-Manin obstructions can be found in [KT08, Gun13] . See also [CTW12] for computations of Brauer-Manin obstructions for integral points on certain cubic surfaces.
Our results. We obtain the first strong approximation results for varieties defined by (1.1). Here, both of the difficulties occur that were mentioned in [CTH12, p. 4 ]. In our main theorems, we consider two families of such varieties. Our notation is mostly standard; see the end of the introduction for a reminder. Theorem 1.1. Let K/k be an extension of number fields. Assume that P (t) = c(t 2 −a) ∈ k[t] is an irreducible quadratic polynomial, and [K : k] = 4 with √ a ∈ K. Let X ⊂ A 5 k be defined by (1.1) with s = 1. Assume that there is an archimedean place v 0 such that p(X(k v 0 )) is not bounded. Then strong approximation with Brauer-Manin obstruction holds for X off v 0 .
We also compute Br(X) for X as in Theorem 1.1, and in certain cases we deduce the Hasse principle for integral points and strong approximation (without Brauer-Manin obstructions), see Corollaries 4.6 and 4.7. Theorem 1.2. Let k = Q. For s ≥ 2, let P (t) ∈ Q[t 1 , . . . , t s ] be a product of pairwise proportional or affinely independent linear polynomials over Q. Let K/Q be an arbitrary extension of number fields of degree n. Let X ⊂ A n+s Q be the affine variety defined by (1.1).
Let C be the union of the connected components of p(X sm (R)) that contain balls of arbitrarily large radius, where p : X → A s k is the projection to the t-coordinates. Then X sm (k) is dense in the image of
If K is not totally imaginary or if the factors of P (t) are linear forms, then C = p(X sm (R)), and X satisfies smooth strong approximation with algebraic Brauer-Manin obstruction off ∞ (see Definition 2.1).
Furthermore, we can deduce a smooth Hasse principle with Brauer-Manin obstruction for integral points on X as in Theorem 1.2. See Corollary 5.6 for details.
Techniques. There are two fundamental techniques to reduce the study of weak approximation and the Hasse principle for rational points (possibly with Brauer-Manin obstruction) for one class of varieties to the same questions for other varieties, namely the fibration method and the descent method. One may ask whether these techniques can also be applied in the context of strong approximation.
The fibration method typically applies to fibrations f : X → Y where weak approximation or the Hasse principle is known both for the fibers of f and the base Y . An example is the deduction of the Hasse principle for quadratic forms in five variables from the four-variable-case. See [CTSSD87a, CTSSD87b] for more involved applications, and [Har94] for its combination with Brauer-Manin obstructions.
Generalizing the fibration method to strong approximation is achieved in some generality in [CTX13, CTH12] .
The descent method reduces the study of weak approximation and the Hasse principle with (algebraic) Brauer-Manin obstruction to their study on torsors under tori over the original variety (for example universal torsors). This is expected to simplify the task since typically no (algebraic) BrauerManin obstruction occurs on universal torsors. See [CTCS80, CTSSD87a, CTSSD87b] for applications of descent to weak approximation.
To our knowledge, Theorems 1.1 and 1.2 are the first applications of the descent method to strong approximation. For this, an important auxiliary result is the descent lemma presented in Section 3. A subtle point was to find the right formulation that makes it applicable in practice. Then the proof of this lemma is an easy application of descent theory as introduced by Colliot-Thélène and Sansuc, see [CTS87] .
Our descent lemma reduces strong approximation with algebraic BrauerManin obstruction on the original variety to strong approximation on auxiliary varieties containing open subsets of universal torsors.
For X as in Theorem 1.1, we have determined a local description of universal torsors in [DSW12] . Here, we observe that these are essentially fibrations over A 4 k whose fibers are smooth 3-dimensional quadrics, so that an application of the fibration method yields the result.
For X as in Theorem 1.2, we show that the universal torsors are essentially varieties for which weak approximation was proved in recent work of Browning and Matthiesen [BM13] (on X defined over k = Q by (1.1) in cases where P (t) is totally split over Q, with s = 1), based on results from additive combinatorics by Green-Tao and Matthiesen. We generalize the key technical result [BM13, Theorem 5.2] of Browning and Matthiesen from linear forms to linear polynomials, and we deduce that the varieties containing our universal torsors also satisfy strong approximation.
An unboundedness condition. We observe that Theorems 1.1 and 1.2 include unboundedness conditions at an archimedean place. This has some resemblence with conditions at archimedean places appearing in strong approximation results on homogeneous spaces of algebraic groups, e.g., [PR94, Theorem 7 .12].
Example 6.2 shows that strong approximation with Brauer-Manin obstruction off ∞ does not hold for the variety X ⊂ A 3 Q defined by
which is an example of (1.1). Here, X(R) has a bounded and an unbounded connected component. This counterexample and Theorems 1.1 and 1.2 lead us to the expectation that only the following version of smooth strong approximation can be true for varieties defined by (1.1). See also [CTH12] . Question 1.3. Let K/k be an extension of number fields of degree n, let P (t) ∈ k[t 1 , . . . , t s ] be a non-constant polynomial. Let X ⊂ A n+s k be the affine variety over k defined by (1.1). Let v 0 be an archimedean place.
Let p : X → A s k be the projection to the t-coordinates. Let C be the union of the connected components of p(X sm (k v 0 )) that contain balls of arbitrarily large radius.
Is X sm (k) dense in the image of (p −1 (C)×X sm (A
) with respect to the adelic topology? Theorems 1.1 and 1.2 give an affirmative answer to this question for two families of varieties.
Terminology. For a field k of characteristic 0, fix an algebraic closure k, and let Γ k be the absolute Galois group. Let Br(k) be the Brauer group of k. For a scheme X over k, let X sm be its smooth locus, and let X := X × k k. Let Br(X) := H 2 et (X, G m ) be the cohomological Brauer group, Br 0 (X) its subgroup of constant elements, namely the image of the natural map Br(k) → Br(X), and Br 1 (X) its algebraic Brauer group, namely the kernel of the natural map Br(X) → Br(X).
Now let k be a number field. Then Ω k denotes the set of places of k, and ∞ k denotes its subset of archimedean places. We write v < ∞ k for v ∈ Ω k \ ∞ k . The ring of integers in k is denoted by O k . For v ∈ Ω k , let k v be the completion of k at the place v, and let O v be the ring of integers in k v . The adele ring with its usual adelic topology is denoted by A k . For a finite subset S ⊂ Ω k , let O S be the ring of S-integers of k, and let A S k ⊂ v∈Ω k \S k v be the adeles without v-component for all v ∈ S, which also comes with a natural adelic topology. In particular, we write A
for the adeles without archimedean components.
Let X be a geometrically integral variety over a number field k, and let S ⊂ Ω k be a finite set of places. We say that strong approximation holds for X off S if X(k) is dense in the image of X(A k ) in X(A S k ). One says that strong approximation with (algebraic) Brauer-Manin obstruction holds for We thank J.-L. Colliot-Thélène and L. Matthiesen for useful remarks and discussions, in particular during the first author's stay at the IHÉS (September/October 2013), whose support and hospitality is gratefully acknowledged.
Strong approximation on singular varieties
Let k be a number field. For smooth varieties X over k, it is interesting to study strong approximation because we can derive the existence of integral points on any integral model of X.
For singular varieties X over k, the implicit function theorem may fail, and hence we cannot hope to prove strong approximation on X. On the other hand, integral models of X sm often have far less integral points than integral models of X, hence strong approximation on X sm is generally too much to ask for.
Instead, we introduce the following notion of smooth strong approximation on X which is suitable to determine the existence of integral points on any integral model of the singular variety X (see Remark 2.2 and Corollary 5.6). Below, we will study the relation of this notion to central strong approximation, as introduced by Colliot-Thélène and Xu for the study of strong approximation on singular varieties in [CTX13, §8] .
Definition 2.1. Let X be a geometrically integral variety over a number field k. Let S be a finite set of places of k. We say that X satisfies smooth strong approximation off S if X sm (k) is dense in the image of X sm (A k ) in X(A S k ) under the natural projection. Analogously, we say that X satisfies smooth strong approximation with
. We say that X satisfies the smooth integral Hasse principle (with (algebraic) Brauer-Manin obstruction) if the following holds for any integral model X of X: If
is non-empty (where B is ∅ resp. Br(X sm ) resp. Br 1 (X sm )), then there are integral points on X.
If X is smooth, then smooth strong approximation off S is the same as strong approximation off S, and the smooth integral Hasse principle is the same as the integral Hasse principle; similarly with (algebraic) BrauerManin obstructions.
For singular X, however, note that smooth strong approximation on X off S is not the same as strong approximation on X sm : the latter means that X sm (k) is dense in the image of X sm (A k ) in X sm (A S k ), whose adelic topology is stronger than the topology induced by X(A S k ). Remark 2.2. Assume that X is a variety over a number field k satisfying smooth strong approximation (with (algebraic) Brauer-Manin obstruction) off ∞ k . Then the smooth integral Hasse principle (with (algebraic) BrauerManin obstruction) holds on any integral model of X.
Indeed, for any integral model X, we have (q v ) in the set (2.1). An open neighborhood of (q v ) v<∞ k ∈ X(A f k ) is given by v<∞ k X(O v ). Then smooth strong approximation off ∞ k gives a q ∈ X sm (k) which lies in this open neighborhood. This ensures q ∈ X(O k ).
Next, we compare smooth strong approximation to central strong approximation [CTX13, §8] . Recall that it can be defined as follows: Definition 2.3 (Colliot-Thélène, Xu). Let X be a geometrically integral variety over a number field k. Let S be a finite set of places of k. Let f : X → X be a resolution of singularities for X. The following two definitions do not depend on the choice of X.
One says that central strong approximation holds for X off S if the diagonal image of X sm (k) is dense in the natural image of X(A k ) in X(A S k ). Assume that Br( X)/ Br 0 ( X) (resp. Br 1 ( X)/ Br 0 ( X)) is finite. One says that central strong approximation with (algebraic) Brauer-Manin obstruction holds for X off S if the diagonal image of X sm (k) is dense in the natural image of X(A k ) Br( X) (resp. X(A k ) Br 1 ( X) ) in X(A S k ). Note that the finiteness assumption on the Brauer group is generally necessary to ensure that the definition of central strong approximation with Brauer-Manin obstruction is independent of the choice of X, but that no such finiteness condition is needed in our definition of smooth strong approximation.
To compare central and smooth strong approximation, we start with the following lemma, which is similar to [CTS00, Proposition 1.1] and [CTX13, Proposition 2.6] Lemma 2.4. Let X be a smooth geometrically integral variety over a number field k, and let U ⊂ X be an open subset. Let B be a subgroup of
Proof. Let A be a finite subset of Br(U ) that generates B/(B ∩ Br 0 (U )). There are a finite set T of places of k containing ∞ k and smooth O T -schemes U ⊂ X with geometrically integral fibers over the points of Spec(O T ) such that the restriction of
the intersection of the set in (2.2) with U (A k ) B is not empty. For any place v, the evaluation of elements of Br(X) in X(k v ) is locally constant, and
As in the proof of the version [CT03, Théorème 1.4] of Harari's formal lemma [Har94, Corollaire 2.6.1], there is a finite set T 2 of places with
and also in (2.2), hence our claim holds.
Lemma 2.5. Let X be a geometrically integral variety over a number field k, and let S be a finite set of places of k. Then smooth strong approximation on X off S is equivalent to central strong approximation on X off S.
Assume that Br(X sm )/ Br 0 (X sm ) (resp. Br 1 (X sm )/ Br 0 (X sm )) is finite. Then smooth strong approximation with (algebraic) Brauer-Manin obstruction on X off S is equivalent to central strong approximation with (algebraic) Brauer-Manin obstruction on X off S.
Proof. Assume that smooth strong approximation holds on X off S, i.e., X sm (k) is dense in the image of X sm (A k ) in X(A S k ). For a resolution of singularities f : X → X with X ⊃ X sm , we must show that X sm (k) is dense in the image of X(A k ) in X(A S k ). By assumption, X sm is geometrically integral, and we can regard it as a dense open subset of the smooth variety X.
. By smooth strong approximation on X off S, we can find a p ∈ X sm (k) arbitrarily close to the image of (q v ) in X(A S k ), which is very close to the image of (f (p v )) in X(A S k ). Hence central strong approximation holds on X off S.
The converse holds since X sm (A k ) can be considered as a subset of
by Lemma 2.4, and similarly for Br 1 . A similar argument as above deduces from this that smooth strong approximation with (algebraic) Brauer-Manin obstruction on X off S is equivalent to central strong approximation with (algebraic) Brauer-Manin obstruction on X off S.
A descent lemma
The following lemma, based on descent theory of Colliot-Thélène and Sansuc [CTS87] , is central in our proofs of strong approximation in the following sections.
Lemma 3.1. Let k be a number field. Let X be an integral variety over k with k[X sm ] × = k × and Pic(X sm ) of finite type, and let U be a dense open subset of X sm . Let S be a finite subset of Ω k . For any universal torsor f : T → X sm , assume that its restriction T U := T × X sm U is geometrically integral, and that there is a commutative diagram
where Y is a variety over k satisfying smooth strong approximation off S, and i :
Then X satisfies smooth strong approximation with algebraic BrauerManin obstruction off S.
Proof. We must find a rational point p ∈ X sm (k) which approximates the projection of a given (
By descent theory (see [CTS87] , [Sko99, Theorem 3]), there is a universal torsor f : T → X sm and (
Since T U is geometrically integral, any integral model
since T is smooth and T U is open and dense in it. Therefore, we can
. By assumption, we have T U ⊂ Y sm ⊂ Y for some Y satisfying smooth strong approximation off S. Hence we obtain a point r ∈ Y sm (k) arbitrarily close to the projection of (r
is very close to (p v ) with respect to the adelic topology of X(A k ). Furthermore, since r is very close to the projection of (
Hence p is very close to the projection of (p v ) in X(A S k ).
Quadratic polynomials represented by quartic norms
In this section, we apply our Descent Lemma 3.1 to prove Theorem 1.1. The main work lies in Proposition 4.1 proving strong approximation for the varieties Y ⊂ A 8 k defined by (4.2), which essentially are the universal torsors, using their fibration over A 4 k whose fibers are three-dimensional quadrics. Additionally, we compute the Brauer group of X in Proposition 4.5 and obtain results on the integral Hasse principle.
Proof of Theorem 1.1. Let X be as in Theorem 1.1. Since P (t) is separable, X is smooth over k. Let U := X ∩ {P (t) = 0}. By the local description of its universal torsors [DSW12, Proposition 2] (see also [DSW12, proof of Proposition 3]), we have
We write
for quadratic forms
in x = (x 1 , . . . , x 4 ) and some quadratic forms λ 0 (y), λ 1 (y) in y = (y 1 , . . . , y 4 ). Then
This gives an open embedding of T U into the affine variety Y ⊂ A 9 k with coordinates (t, x, y) defined by
We have a morphism g : Y → X defined by
We observe that g : Y → X and f : T → X have the same restriction to T U . Note that X is smooth over k. Also Y is smooth over k since
is torsion-free of finite rank, hence T U is a torsor under a torus over the geometrically integral variety U , and hence T U is geometrically integral. Therefore, we can apply Lemma 3.1 to get strong approximation with Brauer-Manin obstruction for X off v 0 once we have shown that Y satisfies strong approximation off v 0 , which is done in Proposition 4.1 below.
The following result completes the proof of Theorem 1.1. Proof. Consider the projection π : Y → A 4 k to the y-coordinate. Over
k , its fibers are smooth 3-dimensional quadrics. Indeed, note that we can write
where q 0 , q 1 are the following binary quadratic forms with coefficients in k[y 1 , . . . , y 4 ]:
For N K/k (y) = 0, the binary forms q 0 , q 1 have full rank, hence each fiber Y y is a three-dimensional quadric.
For v 0 as above, we claim that Y y (k v 0 ) is not compact for any y ∈ V (k v 0 ). Indeed, if v 0 is complex, this claim is obvious, so we assume that v 0 is real and consider everything in the following with respect to the corresponding real embedding of k. If one of disc(q 0 ) and disc(q 1 ) is negative, then one of q 0 and q 1 is indefinite, and the claim is true. So we can assume disc(q 0 ), disc(q 1 ) > 0, and we claim that one of q 0 , q 1 is positive definite and the other is negative definite, i.e., λ 1 (y)(−(uλ 1 (y) + vλ 0 (y))) < 0.
For this, we show first that u > 0. By assumption, aλ 1 (y) 2 − λ 0 (y) 2 > 0 (so a > 0) and u 2 − av 2 > 0 (so u − v √ a and u + v √ a have the same sign).
If u < 0, then both u − v √ a and u + v √ a are negative, so all places of K above v 0 are complex, and N K/k is positive definite. By unboundedness of
so one of q 0 , q 1 is positive definite and the other is negative definite, and
is not compact also in this case. For strong approximation, by smoothness of Y , it is enough to show the following: Let Y be the integral model of Y defined by clearing denominators from (4.2). Let W := π −1 (V ). For any finite set S ⊂ Ω k \ {v 0 } containing ∞ k \ {v 0 } and any
we must find p ∈ W (k) arbitrarily close to p v for all v ∈ S with p ∈ Y(O v ) for all v / ∈ S ∪ {v 0 }. We prove this by the fibration method. First we restrict the base A 4 k to a line in it. It is enough to find a line ℓ ⊂ A 4 k such that
and to prove that π −1 (ℓ) satisfies strong approximation off v 0 . For this, we construct a suitable line ℓ. Let r v = π(p v ) ∈ V (k v ) for all v ∈ Ω k . We can choose a point M ∈ V (k) arbitrarily close to r v for v ∈ S ∪ {v 0 } because A 4 k satisfies weak approximation. Then the fiber Y M (k v ) contains a point very close to p v for all v ∈ S ∪ {v 0 } by the implicit function theorem, since all fibers above V are smooth. Since Y M is a quadric of dimension 3, there is a finite set
This gives (1) outside S ′ , (2), and (3) outside S ′ for any line through M .
For π −1 (ℓ) to satisfy strong approximation off v 0 , we need the following technical condition: We want ℓ ∩ Z = ∅ for Z = {λ 1 (y) = disc(q 0 ) = 0} ∪ {uλ 1 (y) + vλ 0 (y) = disc(q 1 ) = 0}.
Recall that disc(q 0 ) and disc(q 1 ) differ only by a constant in k × . Since disc(q 0 ) is irreducible of degree 4 and λ 1 (y) has degree 2, and similarly for the second part, we know that Z has dimension 2. The closure of the union of all lines through M meeting Z is a 3-dimensional subvariety of A 4 k . Therefore,
Let ℓ be the line through M and N . This satisfies (1), (2), (3), and it does not meet Z, which we now use to prove strong approximation off v 0 for
We choose an isomorphism ℓ ∼ = A 1 k . This implies that Y ′ is defined by
where a 0 (t), . . . , c 1 (t) ∈ k[t]. Their discriminants are the same polynomials in t up to a constant in k × . We have
0 is the restriction of q 0 to ℓ and a 0 (t) is the restriction of λ 1 (y) to ℓ, so by construction, they do not both vanish in a point on ℓ, hence are coprime; and similarly for q 1 .
Let T ⊂ Ω k be a finite set of places containing ∞ k such that 2 and (a i (t), disc(q ′ i )) for i = 0, 1 and all non-zero coefficients of the polynomials
For some finite set
We must find q ∈ Y ′ (k) arbitrarily close to
Hensel's lemma. If it is zero modulo π v , then a 0 (r) and a 1 (r) are non-zero modulo
k . The key parts of our proof could alternatively be used to check the conditions for an application of the version of the fibration method stated in [CTX13, Proposition 3.1].
Our next goal is to compute the Brauer group of X as in Theorem 1.1. We start with some lemmas that will also be used in our counterexample in Section 6.
Let X ⊂ A n+1 k be defined by (1.1) for s = 1, a finite extension K/k of fields of characteristic 0 and a non-constant polynomial P (t) ∈ k[t]. Recall that X sm ⊂ X is the smooth locus of X. If P (t) is separable, then X sm = X.
The following lemma shows that Br(X sm ) = 0.
Lemma 4.3. Let k be an algebraically closed field of characteristic 0. Let P (t) = c(t − a 1 ) e 1 · · · (t − a r ) er ∈ k[t] with r ≥ 1, gcd(e 1 , . . . , e r ) = 1 and a i = a j for i = j. Let X ⊂ A n+1 be the affine variety defined by P (t) = z 1 · · · z n . Then Br(X sm ) = 0.
Proof. We prove the claim by induction on n. If n = 1, then X sm = X ∼ = A 1 k . By Tsen's theorem, Br(X sm ) = 0.
For n > 1, consider the projection
. . , z n ) → z n . Let η be the generic point of A 1 k . Then the generic fiber X sm η is just the smooth locus of the affine variety over k(z n ) defined by 1 z n P (t) = z 1 · · · z n−1 .
We have Br(X sm ) ⊂ Br(X sm η ) for any smooth variety, and we will show that the latter is trivial.
Let
× by the same residue computation as in the proof of [DSW12, Proposition 2], we have
. Therefore, the Hochschild-Serre spectral sequence gives the exact sequence
By Tsen's theorem, Br(k(z n )) = 0 since k = k. By the induction hypothesis, Br(X sm η ) = 0. Since gcd(e 1 , . . . , e r ) = 1, the Picard group Pic(X sm η ) is a constant torsionfree module (i.e., the natural action of Γ k(zn) on it is trivial), hence we have H 1 (k(z n ), Pic(X sm η )) = 0. Therefore, the exact sequence above gives Br(X sm η ) = 0. For X as above, let U ⊂ X sm be the open subset defined by P (t) = 0.
Lemma 4.4. Let k be a field of characteristic 0 with H 3 (k, k × ) = 0. Assume that P (t) = cg 1 (t) e 1 · · · g r (t) er for c ∈ k × , pairwise distinct irreducible monic polynomials g 1 (t), . . . , g r (t) ∈ k[t] and e 1 , . . . , e r positive integers with gcd(e 1 , . . . , e r ) = 1. Let X be defined by (1.1) with s = 1. Then
Proof. By Lemma 4.3, we have Br(X sm ) = 0, hence Br(X sm ) = Br 1 (X sm ).
By the Hochschild-Serre spectral sequence, we have the exact sequence
is exact, and the result follows.
To compute the Brauer group in the situation of Theorem 1.1, we argue similarly as in Lemma 4.4. The condition H 3 (k, k × ) = 0 holds when k is a number field, for example.
Proposition 4.5. Let k be a field of characteristic 0 with H 3 (k, k × ) = 0.
Let K/k be of degree 4 and P (t) = c(t 2 − a) irreducible over k and split over K. Let X be defined by (1.1) with s = 1. We have
Proof. First, suppose that K/k is Galois. Since Pic(X) is split by K and torsion-free, we have
by the inflation-restriction sequence.
To compute the latter, we consider the exact sequence
from [DSW12, Proposition 2]. We consider
We have H 2 (K/k, Z[K/k]) = 0 since this is an induced module, and
, which is surjective since any quartic Galois extension K/k is abelian.
Similarly,
Therefore, the third map in our part of the long exact sequence above is an isomorphism. Now
Indeed, in the first case, we argue as in the previous paragraph. In the second case, we can refer to a classical computation of Schur (see [Kar87, Corollary 2.2.12]).
Next, suppose that K/k is non-Galois. By the inflation-restriction sequence, we have
We will show that the first and third groups are trivial. For the triviality of
Analogously to (4.6), we have over k the exact sequence
Therefore, (4.8) is a short exact sequence, giving
hence the second map in our part of the long exact sequence is an isomorphism.
Now the orbits of the natural action of Γ
Taking Γ L -invariants of (4.9) gives
The long exact sequence gives
where the latter is trivial because L/k is cyclic. Hence
For the triviality of H 1 (L, Pic(X)) in (4.7), we write
We note that X × k L is defined by the equation
As a sequence of Γ L -modules, (4.9) becomes
for i = 1, . . . , 4 are a basis of M . Considering the action of Γ L on this basis shows that
The sequence (4.4) gives
since M is a permutation Γ L -module. To deduce triviality of H 1 (L, Pic(X)), we show that φ is injective. If (χ 1 , χ 2 , χ 3 ) ∈ ker φ, then χ 2 , χ 3 and hence also χ 1|K , χ 1|K ′ are trivial. Since K ∩ K ′ = L, the latter implies χ 1 = 0, proving injectivity of φ. Using Lemma 4.4 and (4.7), we deduce
Corollary 4.6. In the situation of Theorem 1.1, assume additionally that the extension K/k is cyclic or non-Galois. Then strong approximation holds for X off v 0 .
Proof. This follows directly from Theorem 1.1 and Proposition 4.5.
Corollary 4.7. Let K/k be an extension of number fields of degree 4, and let ω 1 , . . . , ω 4 ∈ O K be a basis of
be the affine scheme defined by
is irreducible and splits in K.
e., the Hasse principle with Brauer-Manin obstruction holds for integral points on X. In particular, if K/k is cyclic or non-Galois, then the Hasse principle holds for integral points on X.
Proof. This follows from Theorem 1.1 as in Remark 2.2. For K/k cyclic or non-Galois, we have Br(X) = Br 0 (X) by Proposition 4.5.
Totally split polynomials represented by norms
For the proof of strong approximation for X as in Theorem 1.2, we determine its universal torsors in Proposition 5.1 below. If the factors of P (t) are linear forms, these turn out to be essentially the varieties V that satisfy weak approximation by [BM13, Theorem 1.3] based on [BM13, Theorem 5.2]; for Theorem 1.2, we must generalize the latter as in Theorem 5.2 below. By our Descent Lemma 3.1, it then remains to prove strong approximation for V , which we do in Proposition 5.3.
Proposition 5.1. Let k be a field of characteristic 0. Let K/k be a field extension of degree n. Let P (t) = cg 1 (t) e 1 · · · g r (t) er with c ∈ k × and pairwise non-proportional linear polynomials g i (t) ∈ k[t 1 , . . . , t s ] in s ≥ 2 variables, and e 1 , . . . , e r ∈ Z >0 . Let X be defined by (1.1).
Universal torsors over X sm exist if and only if there are λ 1 , . . . , λ r ∈ k × and ξ ∈ K × satisfying
(5.1)
of universal torsors f : T → X sm to U := X ∩ {P (t) = 0} are geometrically rational and defined by
i g i (t) = 0, for i = 1, . . . , r, for some λ 1 , . . . , λ r ∈ k × and ξ ∈ K × satisfying (5.1). The map f : T → X sm is defined on T U by (t, z 1 , . . . , z r ) → (t, ξz e 1 1 · · · z er r ).
Proof. We observe that X over k is defined by
The singular locus of X is the union of all {g i (t) = g j (t) = u l = u m = 0} for k = l ∈ {1, . . . , n} and i, j ∈ {1, . . . , r} with either i = j and e i > 1 or i = j.
The abelian group Div X sm \U (X sm ) is free of rank rn, generated by
with c ′ ∈ k × and s 1 , . . . , s r , m 1 , . . . , m n ∈ Z, and
we have s i = −m j e i for all i and j, hence m 1 = · · · = m n and s i = −m 1 e i for all i, so f is constant by (5.2). The abelian group k[U ] × /k × is free of rank r + n − 1, generated by the classes of the functions g 1 (t), . . . , g r (t), u 1 , . . . , u n with an obvious Γ k -action and the relation
Indeed, by a result of Rosenlicht ([Ros61, Theorem 2], applied as in [CTS77, Lemme 10]),
with basis g 1 (t), . . . , g r (t), u 1 , . . . , u n−1 . Adding the additional generator u n , the relation above is obtained from the equation defining X.
/Z, and, as in the proof of [DSW12,
Proposition 2], the short exact sequence
has a Γ k -equivariant splitting under the condition that λ 1 , . . . , λ r ∈ k × and ξ ∈ K × satisfying (5.1) exist. This is necessary and sufficient for the existence of universal torsors on X [CTS87, Corollary 2.3.4].
By these computations, we have made the short exact sequence 
i g i (t) = 0 for i = 1, . . . , r, hence it can be paramterized by the r(n − 1) + s variables t 1 , . . . , t s and u i,1 , . . . , u i,n−1 for i = 1, . . . , r.
To prove strong approximation on the universal torsors as in Proposition 5.1 in the situation of Theorem 1.2, we must extend the main analytic result [BM13, Theorem 5.2] of Browning and Matthiesen from linear forms to (not necessarily homogeneous) linear polynomials; see also [BM13, Remark 5.3]. To state the result, we introduce some notation.
Let K be a number field of degree n, and let N K/Q (z) ∈ Z[z 1 , . . . , z n ] be an associated norm form with integral coefficients. Let f 1 (t), . . . , f r (t) ∈ Z[t 1 , . . . , t s ] be linear polynomials that are pairwise affinely independent over Q, i.e., for i = j ∈ {1, . . . , r}, the homogeneous parts f i (t) − f i (0) and f j (t) − f j (0) are not proportional over Q. Consider the system of equations 
is the number of solutions q ′′ = (t ′′ , z ′′ 1 , . . . , z ′′ r ) ∈ Z rn+s of (5.3) lying in
and f 1 (t ′′ ) · · · f r (t ′′ ) = 0. Let r 1 resp. r 2 be the number of real resp. complex places of K, let D K be its discriminant, and let R 
Theorem 5.2. Let f 1 , . . . , f r ∈ Z[t 1 , . . . , t s ] be linear polynomials that are pairwise affinely independent, let K be a number field, let M ∈ Z, and let q ′ = (t ′ , z ′ 1 , . . . , z ′ r ) ∈ Z rn+s . Let ǫ be an arbirary element of {±} r if K is not totally imaginary, and let ǫ = (+, . . . , +) if K is totally imaginary. Let K ⊂ [−1, 1] s be a convex bounded set whose closure is contained in
For N (T ) as in (5.4), we have
where
, and p β p is absolutely convergent, with
Proof. First, we note that the condition on K implies that
for i = 1, . . . , r and sufficiently large T . Indeed, since the closure of K is compact, there is a δ > 0 such that
Multiplying these inequalities by T and using the identity We start with the W -trick, see [GT08] and [BM13, §6] . Let W := p≤w(T ) p α(p) as in [BM13, (6.1)] with w(T ) := log log T and α(p) := [C 1 log p log T + 1] for a constant C 1 ≥ 1 that will be chosen below, and assume that T is large enough so that W is divisible by M .
Recall the definition [BM13, (6. 2)] of the set of unexceptional residue classes
For p < w(T ), define
Let S C 1 ,T be the set of positive integers that are excessively "rough" or "smooth" in the sense of [BM13, Definition 7.5]. As in [BM13, (8.1)], define the modified representation function
We proceed as in the proof of [BM13, Proposition 8.2], but without the need of splitting into 2 r subsets. By choosing our parameter C 1 large enough, we can apply [BM13, Proposition 7.10], which is formulated for pairwise affinely independent linear polynomials, to the functions
takes these values for t ∈ T K by (5.5). Hence
Comparing the definitions of W and R ′ shows
Note that h 1 (t), . . . , h r (t) are also pairwise affinely independent.
For t 0 ∈ W, define the convex set
We have vol(K t 0 ,T ) = (T /W ) −s vol(K). For t 0 ∈ W, we have f i (t 0 ) ∈ A i , hence we can apply the results of [BM13, §8-9]. In particular, the functions 
. Therefore, the generalized von Neumann theorem [GT10, Proposition 7.1], which applies to possibly inhomogeneous linear polynomials, gives
and
, 
with g i (t 1 , . . . , t s ) ∈ Q[t 1 , . . . , t s ] pairwise affinely independent linear polynomials and λ i ∈ Q × . If K is not totally imaginary or if the polytope
. . , r} contains balls of arbitrarily large radius, then smooth strong approximation holds for Y off ∞.
Proof. We may assume that the norm form N K/Q ∈ Z[z 1 , . . . , z n ] has integral coefficients. By rescaling t 1 , . . . , t s and z 1 , . . . , z r , we may assume that For smooth strong approximation on Y , we must show: for any finite set of places
all v / ∈ S ∪ {∞} and q arbitrarily close to q v for all v ∈ S. This is the same as finding q ∈ Y sm (Q) ∩ Y(Z S ) arbitrarily close to q v for all v ∈ S.
By the implicit function theorem, we may assume that the given (q v ) satisfies
for all v ∈ Ω Q . Let C ∈ Z with C −1 ∈ Z S (i.e., all prime factors of C lie in S) be such that q 
Now we are looking for a point 
There is a set K with positive volume satisfying the conditions of Theorem 5.2. Indeed, if K is not totally imaginary, there is an ǫ ∈ {±} r such that
(which is a cone whose vertex is the origin) is non-empty. If K is totally imaginary, note that our condition on Q is equivalent to the condition that
contains balls of arbitrarily large radius because of the way we defined f i (t) from λ −1 i g i (t). For R ∈ R >0 , let t R be the center of a ball of radius R contained in Q ′ . For sufficiently large R, we have f i (t R ) > f i (0), hence t R lies in the cone Q ǫ for ǫ = (+, . . . , +), which is therefore non-empty. For any K, a point t in Q ǫ sufficiently close to the origin satisfies f i (t) < 1 for i = 1, . . . , r, hence lies in Q ǫ as in Theorem 5.2, and the same is true for a small enough closed ball K around t.
Hence an application of Theorem 5.2 with this K gives
The morphism g : Y → X defined by (t, z 1 , . . . , z r ) → (t, ξz e 1 1 · · · z er r ) clearly agrees on T U with f : T → X sm .
If K is not totally imaginary, every such Y satisfies smooth strong approximation off ∞ by Proposition 5.3, hence Lemma 3.1 implies Theorem 1.2. Furthermore, C = p(X sm (R)) = R s by Lemma 5.4.
If K is totally imaginary, Proposition 5.3 gives smooth strong approximation off ∞ not necessarily for all Y . Following the proof of Lemma 3.1, we see that X sm (k) is dense in the image of V Br(X sm ) in X(A f k ), where V is the set of all (p v ) ∈ X sm (A k ) that can be lifted to (r v ) ∈ T (A k ) for a universal torsor f : T → X sm such that the associated Y satisfies strong approximation off ∞.
To complete the proof of Theorem 1.2, it remains to show that
with t ∞ in an unbounded connected component Q ǫ of C for some ǫ ∈ {±} r as in Lemma 5.4. Then we have its lift (r v ) ∈ T (A k ) for some universal torsor f : T → X sm , and very close to it (r
Since (r ′ v ) satisfies the equations defining T U as in Proposition 5.1, we have λ
Therefore, the associated Q in Proposition 5.3 is precisely the interior of Q ǫ . Since Q ǫ contains balls of arbitrarily large radius by assumption, the same holds for Q, and Proposition 5.3 tells us that Y satisfies smooth strong approximation, hence (p v ) ∈ V as required.
If g 1 (t), . . . , g r (t) are linear forms, then the conditions ǫ i g i (t) > 0 define open halfspaces in R s bounded by the hyperplanes {g i (t) = 0} through the origin. Therefore, the interior of every connected component of p(X sm (R)) is a cone whose vertex is the origin, hence every connected component contains balls of arbitrarily large radius, and C = p(X sm (R)).
Remark 5.5. For X as in Theorem 1.2, write P (t) = cg 1 (t) e 1 · · · g r (t) er as in Proposition 5.1. Under the assumption that gcd(e 1 , . . . , e r ) = 1, the Picard group Pic(X sm ) is free of finite rank, hence Br
Hence by Lemma 2.5, X also satisfies central strong approximation with algebraic Brauer-Manin obstruction off ∞ under the assumption that K is not totally imaginary or that g 1 (t), . . . , g r (t) are linear forms.
By Remark 2.2, Theorem 1.2 implies that X also satisfies the smooth integral Hasse principle (in the sense of Definition 2.1). This can be stated explicitly as follows.
Corollary 5.6. Let P (t) ∈ Z[t 1 , . . . , t s ] be a product of linear polynomials over Z that are over Q pairwise proportional or affinely independent. Let K/Q be an extension of number fields of degree n, and let N K/Q (z) ∈ Z[z 1 , . . . , z n ] be an associated norm form with integral coefficients. Suppose that K is not totally imaginary or that the factors of P (t) are linear forms. Let X ⊂ A n+s Z be the affine scheme defined by P (t) = N K/Q (z).
Let X = X Q be the generic fiber.
If there are q v = (t v , z v ) ∈ X(Z v ) for all finite places v ∈ Ω Q and q ∞ = (t ∞ , z ∞ ) ∈ X(R) such that (q v ) v∈Ω Q is orthogonal to Br 1 (X sm ), with P (t v ) ∈ Z × v for almost all v < ∞ k and P (t v ) ∈ k × v for all other v ∈ Ω Q , then there are integral points on X.
Proof. The conditions on P (t v ) ensure that (q v ) ∈ U (A k ) ⊂ X sm (A k ), where U := X ∩ {P (t) = 0} ⊂ X sm . Hence (q v ) lies in the set (2.1). As in Remark 2.2, we obtain an integral point on X.
A counterexample
Now we consider the case that [K : k] = 2 and P (t) is the product of pairwise distinct linear factors.
Proposition 6.1. Let k be a field of characteristic 0 with H 3 (k, k × ) = 0. Let
be a quadratic extension of k. Let P (t) = c(t − a 1 ) · · · (t − a r ) ∈ k[t] with pairwise distinct a 1 , . . . , a r ∈ k. Let X be defined by (1.1) with s = 1.
Then Br(X)/ Br 0 (X) ∼ = (Z/2Z) r−1 is generated by the classes of the quaternion algebras (t − a i , d) ∈ Br(X), for i = 1, . . . , r − 1.
Proof. Let U be defined again by P (t) = 0. Analogously to (4.9), we have the exact sequence
We have
Indeed, for the first isomorphism, we note that Pic(X) is torsion-free and split by K, for the second isomorphism, we use (4.5) and H i (K/k, M ) = 0 for i > 0 since M ∼ = Z[K/k] m is an induced Gal(K/k)-module, and for the third isomorphism, we note that
Gal(K/k)-module, as in our computation of T above. Since X is smooth, Lemma 4.4 implies Br(X)/ Br 0 (X) ∼ = (Z/2Z) m−1 . Now we describe Br(X)/ Br 0 (X) explicitly. Let β i be the quaternion algebra (t − a i , d) over k(X).
First we show that β i ∈ Br(X). Indeed, (t−a i , d) is clearly well-defined on U i = {t = a i } ⊂ X, and (P (t)/(t − a i ), d) is well-defined on U ′ i = j =i {t = a j }. Since U i ∪ U ′ i = X and (t − a i , d) = (P (t)/(t − a i ), d) in Br(k(X)) (since P (t) = N K/k (z) implies (P (t), d) = (N K/k (z), d) = 0), we can extend (t − a i , d) to a well-defined element of Br(X).
Next we show that β 1 , . . . , β r−1 are Z/2Z-linearly independent elements in Br(k(X))/ Br 0 (X). Again let p : X → A 1 k be the projection to the tcoordinate. This induces a map Br(k(t)) → Br(k(X)). Let η be the generic point of A 1 k and X η the generic fiber of p. By [Wit35, Satz, p. 465], the kernel of Br(k(t)) → Br(k(X)) is generated by (P (t), d) , hence the induced map φ : Br(k(t)) → Br(k(X))/ Br 0 (X) has kernel generated by (P (t), d) and Br(k). For n 1 , . . . , n r−1 ∈ Z/2Z, let β := r−1 i=1 n i β i ∈ Br(k(t)). We claim that β ∈ ker φ if and only if β = 0, which would imply the linear independence of β 1 , . . . , β r−1 and complete the proof of this theorem.
Indeed, let χ be the non-trivial character of Gal(K/k), and let D i be the divisor {t = a i } of A 1 k , for i = 1, . . . , r. By [CTSD94, Proposition 1.1.3], the residue of β i on D i is χ, and the residue of β i on any other divisor of A 1 k is 0. Hence the residue of (P (t), d) is χ on D 1 , . . . , D r and 0 on any other divisor, and any element of ker φ has the same residue (χ or 0) on all of D 1 , . . . , D r . But since β has residue 0 on D r , it must have residue 0 on D 1 , . . . , D r−1 as well, which is only possible for n 1 = · · · = n r−1 = 0, i.e., β = 0.
The following example illustrates that in Question 1.3, an unboundedness condition at an archimedean place is necessary. We construct a variety over Q with one bounded and one unbounded connected component over R and a point orthogonal to the Brauer group lying on the bounded component that cannot be approximated arbitrarily close. In particular, it is not enough to require that X(k v ) is unbounded for one archimedean v.
Example 6.2. Let X ⊂ A 3 Q be defined by t(t − 2)(t − 10) = x 2 + y 2 .
(6.1)
We note that the projection p : X → A 1 Q to the t-coordinate has the bounded connected component [0, 2] and the unbounded connected component [10, ∞). In fact, X(R) has precisely two connected components, namely X 1 := p −1 ([0, 2]) bounded, X 2 := p −1 ([10, ∞)) unbounded.
Our variety X has an adelic point (q v ) ∈ X(R) × p X(Z p ) given by where (x 5 , y 5 ) ∈ Z 2 5 is a solution of x 2 5 + y 2 5 = −75, which exists by Hensel's lemma.
This point is orthogonal to Br(X). Indeed, Br(X)/ Br 0 (X) is generated by β 1 := (t, −1) and β 2 := (t − 2, −1) by Proposition 6.1. We have Our goal is to show by contradiction that there is no integral point q = (t, x, y) ∈ X(Z) that is very close to our adelic point (q v ) at the places 2 and 5. More precisely, we show that |t − 1| 2 ≤ 1 8 and |t − 5| 5 ≤ 1 25 are impossible. This is done via the following claim.
